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ON A CAMERON MARTIN TYPE QUASI-INVARIANCE THEOREM 
AND APPLICATIONS TO SUBORDINATE BROWNIAN MOTION 

CHANG-SONG DENG AND RENE L. SCHILLING 


Abstract. We present a Cameron-Martin type quasi-invariance theorem for subordi¬ 
nate Brownian motion. As applications, we establish an integration by parts formula 
and construct a gradient operator on the path space of subordinate Brownian motion, 
and we obtain some canonical Dirichlet forms. These findings extend the corresponding 
classical results for Brownian motion. 


1. Introduction 


Recently the stability of properties of Markov processes and their semigroups under 
subordination in the sense of Bochner has attracted great interest. In [B], Wang’s dimen¬ 
sion free Harnack inequality was established for a class of subordinate semigroups. Nash 
and Poincare inequalities are preserved under subordination, cf. [13 Ej- In our recent 
paper [2], we show that shift Harnack inequalities (in the sense of jT6]) remain valid 
under subordination in the sense of Bochner. It is a natural question whether further 
probabilistic properties, e.g. quasi-invariance, are preserved by subordination. 

The Cameron-Martin theorem, which was discovered by R.H. Cameron and W.T. Mar¬ 
tin p] (see e.g. Mi and the references therein for further developments), plays a 
fundamental role in the analysis on the path space of diffusion processes. It states that 
the Wiener measure (i.e. the distribution of Brownian motion) is quasi-invariant under a 
Cameron-Martin shift. In this paper, we shall derive an analogous result for subordinate 
Brownian motion. 

Let us recall some basic notations. Throughout this paper, we set 


[0, A] : = 

and make the convention 



{x : 0 < x < A}, if A < oo, 
{x : 0 < x < oo}, if A = oo, 



for all 0 < u < v < oo. 


By S' = (S t ) t £[o,T], where 0 < T < oo, we denote a non-trivial subordinator, i.e. an 
increasing Levy process with So = 0 and Laplace transform 


Ee““ 5t = e - t0(u) , u > 0, t G [0, T\. 
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The characteristic (Laplace) exponent 0 is a Bernstein function with 0(0+) = 0; all such 
exponents are completely characterized by the following Levy-Khintchine formula 

r oo 

(1.1) 0(w) = bu + / (l — e _MX ) n{dx), u > 0, 

Jo 

where b > 0 is the drift parameter and v is a Levy measure, i.e. a measure on (0, oo) 
satisfying / 0 °°(x A 1) v(dx) < oo; we use [12] as our standard reference for Bernstein 
functions and subordination. If T = oo then 

Soo := limS't = oo a.s. 

tfoo 

Let 

M = ess sup S T = sup {r > 0 : P (S T < r) < 1} . 

Remark 1.1. M can attain the following values: 

(i) If T = oo, then = oo a.s. and M = oo. 

(ii) If T < oo and S t is deterministic, i.e. S t = ct for some constant c > 0, then 
M = cT < oo. 

(iii) If T < oo and St is non-deterministic, then M = oo. 

Indeed: Since v ^ 0, there exists some finite interval [u, n] C (0, oo) such that 
rj := u([u,v ]) G (0, oo). The jump times of jumps with size in the interval [u,v] 
define a Poisson process (iV0 iG [ O) T] with intensity r). Since St > uN T , we conclude 
that ess sup St = oo. 

Let (W0)t e [o,M] be a standard d-dimensional Brownian motion starting from zero. The 
Wiener measure /i, i.e. the distribution of (W t )te[o,M], is a probability measure on the 
path space 

Wm = {w : [0, M\ —> R d : in is continuous and 'in(O) = 0} , 
which is endowed with the topology of locally uniform convergence. We write 
Hj\/ := {h G W m ■ h is absolutely continuous and h! G L 2 ([0, M]; R d )} 
for the Cameron-Martin space; LI m is a Hilbert space with the inner product 

( 9 ,h)m M ■= {g’(t),h'(t)) K ddt, g,heU M . 

Jo 

Let h G W M and denote by /i/j the distribution of (W t +h(t)) t e[o,M]- Then the Cameron- 
Martin theorem says that fi and /i^ are equivalent (i.e. mutually absolutely continuous) 
if, and only if, h G Em; in this case 

/ M -j pM 

h\t) dW t - - y o \h\t)\ 2 dt . 

Throughout this paper, we assume that (S t )te[o,T] is independent of the standard Brow¬ 
nian motion {W t )te[o,M] on The process Ws = iWs t )t&[o,T] is called a subordinate 
Brownian motion ; it is a rotationally invariant Levy process with characteristic (Fourier) 
exponent (symbol) 0(|£| 2 /2) = — logEe*^ ,vl/s i^H d . 

Inspired by the quasi-invariance property of the Wiener measure under Cameron- 
Martin shifts, we are interested in the following problem: Let £ = (£0t<=[o,T] be a further 
{random) function and consider the perturbation = ( Ws t +£t)te[o,T] of the subordi¬ 

nate Brownian motion Ws = {Ws t )te[o,T]- F° r which ( random ) perturbations are the dis¬ 
tributions ofWs and IPsT^ equivalent? Related results for compound Poisson processes 
can be found in H3 and DS3- In this note, we assume that = h{S t ) where h G Wjf 
and t G [0,T]. Let g s and /if be the distributions of (LFsJteio.T] and {W St + h(S t ))te[o,T], 


dp h 

d/i 


= exp 
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respectively. We aim to find sufficient and necessary conditions so that /if is equivalent 
to /l 5 . 

Our problem can also be seen as a stability property for Bochner’s subordination: 
Under which circumstances is the quasi-invariance on Wiener space inherited by the 
subordinate (i.e. time-changed) process?. For a deterministic subordinator S, this is just 
the classical Cameron-Martin theorem. For a general subordinator we need to assume 
some additional conditions in order to ensure that quasi-invariance is preserved. 

This paper is organized in the following way: First, we establish the Cameron-Martin 
type theorem for subordinate Brownian motion in Section [21 If h is absolutely continuous, 
h{ 0) = 0 and J q St \h'(t)\ 2 dt < oo almost surely, then /if is equivalent to g s . The crucial 
point in our proof is that a functional on the path space of a subordinate Brownian motion 
is also a functional on the classical Wiener space. Once we have established the quasi¬ 
invariance property, we can derive in Section [3] an integration by parts formula. A natural 
gradient operator D^ is defined for k 6 Eon the family of cylinder functions &C f° 
through the Riesz representation theorem. Furthermore, we characterize the gradient 
operator lA K -); as applications we construct some natural Dirichlet forms on the path 
space of subordinate Brownian motion. In the final section, we present the detailed proof 
of a result used in Section 3, which describes the subordinator index of S at the origin 
in terms of the underlying Levy measure (cf. [TT] for the corresponding result for general 
Feller processes). 


2. Cameron-Martin type theorem 


In this section, we extend the classical Cameron-Martin theorem to subordinate Brow¬ 
nian motion. Let h G W m and write p s and /if for the distributions of Ws = (Ws t )te[o,T] 
and W + h(S ) = (Ws t + h(S t )) t& [o,T], respectively. Denote by AC{[ 0, M]; R d ) the family 
of all absolutely continuous functions from [0, M\ to R rf . The following Cameron-Martin 
type space will be important (k 6 R): 

r M 


:= {he W M n AC([ 0, M]; R d 


\h'(t)\ 2 [P(SV > t)] K d£ < oo > , 


which becomes a Hilbert space with the inner product 


-M 


(g, /i) hW := / (g'(t), h\t)) Rd [P(S T > £)f d t, g,he H^. 


As usual, we set 0° := 1. It is clear that = Jd M and is non-decreasing in k, i.e. 
k i < k 2 implies C A direct calculation shows that 


r( K ) 


r-M 


(g\t),h\t)) nd \P(Sr > t)] K d£ = E 


f*S t 


W(t), h'(t)) U d [P(S T > £)] K d t 


Uo 


for g, h e Edfjf. Therefore, 

he 


f*S t 


\ti(t)\ 2 dt < oo almost surely. 


Remark 2.1. a) If either T = oo or T < oo and M < oo, then Hyf does not depend on 
k and for all k G R. 

b) If T < oo and M — oo, then Hf) is strictly increasing in k G R, see Example 12.21 
below. 
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Example 2.2. Let T < oo, M = oo and Ki < k 2 - We will show that H^ 2 ' ) \ ^ 

Since P (St > t) l 0 as 1f oo, we have 


[0, oo) = |J B m , 


m= 1 


where 


B m := (i 6 [0, oo) : o TTTvi < i P ( S r ^ OP - " < 4 

[ (m +l) d m- 

are mutually disjoint bounded Borel measurable sets. Put 

<f>(d t) : = [P(S T > t)] Kl d t. 

It is easy to see that $(B m ) < oo for each m E IN and 

ff {m E IN : $(£> m ) > 0} = oo. 

Pick h E Woo H AC([0, oo); R d ) such that 


m E IN, 


\m\= E 1 «»w J 


m 


$(B n 


t> 0. 


Then 


\ti(t)\ 2 [P(S T > t)f 2 d t=^2 I \h'(t)\ 2 [P(5r > t)} K2 ~ Kl <f>(d t) 

m 1 


m =1 


^ E 

m : 4>(I3 m )>0 


Bn 


<h(R m ) m 3 


<f>(dt) 


E 


nn*■ 


m: 4>(B m )>0 


< ~2 < 00 ’ 
777/ 


m= 1 


whereas 


i^)r^(dt) 


B„ 


m 


' Bm &{Bm 


m = 00 . 


$(dt) 


/ |* / (t)| 2 [P(5r>t)r i dt= 5 ^ 

= E 

m: 4>(S m )>0 

= E 

m : 4>(B m )>0 

This means that h E \ H^. 

Theorem 2.3. If h E Wm D AC([0, M]; R d ) and f 0 ?T |h'(t)| 2 dt < oo almost surely (e.g. 
if h E H^), then /i)j and /i s are equivalent; moreover, 


M 

d/i 5 


= exp 


NO 


'•St i cSt 

h'(t)dW t ~- \h\t)\ 2 dt 


Remark 2.4. If S t = t for all t E [0, T], then M = T E ( 0, oo] and Theorem 12.31 reduces 
to the classical Cameron-Martin theorem. 


Theorem 2.5. Let h e Wm- If hh an d L S are equivalent, then /igH 


m- 
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Since H M = C , the following result is a direct consequence of Theorems 12.31 
and 12.51 

Corollary 2.6. Assume that h e W^-. Then /if ~ /i s if, and only if, h e H m- 

For the proof of Theorem 12.31 we need a few preparations. Note that (W t )te[o,M] can be 
regarded as a process on the classical Wiener space 

W t (w) w(t), t G [0, M\, w e Wjf. 

Let A be the distribution of (S}) te [ 0j T], which is a probability measure on the path space 

St := {£ : [0,T] —> [0, oo) : £ 0 = 0, increasing and cadlag} , 

which we equip with the Skorokhod topology. Thus, the subordinator (S}) t6 [ 0 ,T] can be 
realized as a canonical process on (St, <S^(St), A): 

S t (£) :=£ t , 1G[0,T], feS T . 

Since S and W are independent, ( Ws t )te[o,T) is the canonical process on the product space 
(W M x S T , ^(W m ) ® ^(S T ),/i x A): 

Ws t (w,£) := W St{ i)(w) = w{£t), t e [0, T], w e W M , £ e S T . 

Moreover, /a s is is a probability measure on the path space 

hi := {w o £ : w G W M , ^ G St} 

equipped with the Skorokhod topology. If T = oo, we set 

£oo lim£ t , £ G Soo- 

tfoo 

Proof of Theorem \2.A a) We are going to show that 
F(w o £ + ho £) /j,(dw)X(d£) 


Wm xSt 


F{w o £) exp 






L^O 


h'(t)dWfw)-- \h\t)\ 2 dt 


/i(dw)A(d£) 


W m X$T 

holds for every bounded measurable function F on f2. Using a standard monotone class 
argument, it is enough to check this equality for cylinder functions of the form 

F{wo£) = f (w(£ tl ),...,w( 4J), wo£ e fi, 

where n 6 K, h,...,i„ G [0,T], 0 < F < ■ ■ ■ < t n and / G C'h(lR <i ' n ). Therefore, it 
remains to show that 

/ M4) + M4)> ■ • •, ™(4J + MO) Mdw)A(d^) 


Wjvf X S 


( 2 . 1 ) 


t J) 


Wjvf xSt 


x exp 




F(t) dlhi(w) 


bo 


1 

2 




|F(t)| 2 df 


/i(dw)A(d£). 


b) Fix f G St such that £t < M and 

( 2 . 2 ) 




|F(t)| 2 di < oo. 
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Then the classical Cameron-Martin theorem, applied to the bounded measurable function 
on W^ T : 

w ^ f (w(£ tl ),... ,w(£ tn )), 


yields 


'W M 


f ( W M + h (£ tl ),..., w(£ tn ) + h (£ tn )) /i(d w) 


f (w{£ti) + h(lt i), ■ ■ ■, w(£t n ) + M4J) p(dw) 


'w ln 


1 


' W A 


f (w(£ tl ),...,w(£ tn ))exp 


f (w(£ tl ),...,w(£ t n))exv 


rl T 


ti(t ) dW t (w) 


r^r 


Uo 


r^r 


\h\t)\ 2 dt 




h'(t)dW t (w) -/ \h'(t)\ 2 dt 


n(dw) 

n(dw). 


Since our assumption implies that £ T < M and (12.21) hold for A-almost all £ G S t, we can 
integrate both sides of the equality with respect to A(d£) to obtain (12.11) . This completes 
the proof. □ 


Proof of Theorem Id. 51 Suppose that h ^ H M . Then it is a classical result, see e.g. jBl 
Proof of Theorem 8.1.5, p. 233-234], that /ih and /i are mutually singular. Note that the 
proof in (8] uses the time interval [0,1]. It is not hard to see that the method used in [8] 
also applies to [0, T] for 0 < T < oo. Thus, there exists a measurable subset A C W« 
such that 


fi(A) = 1, fi h (A) = 0. 

Let 

A := {w o £ G hi : w G A, £ G St} • 

Then we have 

T S (A) = n(A) = 1, n%(A) = n h {A) = 0. 

This, however, contradicts our assumption that /if and fi s are equivalent. 


□ 


3. Integration by parts formula and gradient operator 


Let h G W m- The directional derivative of a function F on fl in direction h is defined 


as 


DhF{w o £) := lim 


F{w o £ + eh o £) — F{w o £) 


w o £ G hi, 


whenever the limit exists. An important class of functions on hi for which the above 
definition of D^F makes sense are the smooth cylinder functions, denoted by i.e. 

the set of all functions having the form 


(3.1) F(wo£) = f(w(£ tl ),...,w(£ tn )), wo£en, 

where n G I, / G Cf°(R d '") and t\,... ,t n G [0, T] with ti < ■ ■ ■ < t n . If F G TFCf? is 
given by (13.1|) . then it is clear that DhF exists everywhere and 

n 

(3.2) D h F(w o £) = (V./ MU),....t»(0 ),MO>r<, woten, 

1=1 

where V if is the gradient of / w.r.t. the ith variable. 

First, we consider the integration by parts formula. 
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Theorem 3.1. If h G W M D AC([0, M]; R d ) and J' q St \h'(t)\ 2 dt < oo almost surely ( e.g. 
if h £ H^) ; then for any F,G G LFCf 3 , 

E [GT> h F] = E [FD* h G \, 

where 

rS t 

D\G := -D h G + G / /i'(t) dID f . 

Jo 

Proof. Using Theorem 12.31 it follows that for all e G R 
F{w o I + eh o £)G{w o £) fi(dw)X(d£) 

W m x St 

= jJ F{w o £)G{w o £ — eho £) 

W m x St 

1 


x exp 


f£ T 


rl T 


h(t) dW t {w) — -t / \h'(t)\ 2 dt 


fi(dw)\(d£). 


Differentiating this equality w.r.t. e and setting e = 0, we arrive at 
G(w o £)Dh.F{w o £) /j,(dw)X(d£) 


W m xSt 


r»^T 


F(w o £) 2 —D h G(w o£) + G{w o £) / h(t) d^(w) ^ /i(dw)A(d£), 


Wjvf x St 

which gives the desired assertion. 

Now we can investigate the gradient operator on 12. 


□ 


Lemma 3.2. Let F G and k G R. Then for all w G W m and X-almost all £ G S t, 

the map h H y DhF{w o £) is a bounded linear functional on H^. 

Proof. Let F G given by fl3.il) . By fl3.2D . the linearity is obvious. Since for A-almost 

all £ G St we have £t < M for all t G [0, T], we obtain for all w G W m and A-almost all 
£ G S T 

n 

\D h F(w o i)\ <^\\V J\UhU t< )\ 

i=l 

n r*ti 

V HVi/lloo / [P(5 r > t )]~ K/2 |h'(t)| [P(S t > 2)f /2 dt 

i=i 


< 


(3.3) 


< 


n hr 

Ehy/iu / 

i=i 


Li \ 1 / 2 / rhi \ U 2 

[r(^t > t)pdtj (y |F(t)i 2 [p(,s T > t)] K dt) 


< £ ii v </ii. 
1 


rt u \ V 2 

[P(Sr > t)P dtj 


H 


(«) . 


To complete the proof, it remains to note that 

[P(St > t)]~ K dt < [1 V [P (S T > 4)]'1 4 < [1 V [P (S T > 4)P] £ u 


and 


P(S T > It) > 0 
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for A-almost all £ E St- 


□ 


Let F E and k E R. Combining Lemma 13.21 with the Riesz representation 

theorem we find for all w E W m and A-almost all £ E St that there exists a unique 
D^F(w o £) E such that 


(D {K) F{w o £), /i) h ( b) = D h F(w o£), F E hE H 


(k) 

M ■ 


For simplicity, we write DF instead of D^F. If F E is given by (13. 1|) . then it is 

easy to see that for all w G Wm and A-almost all £ E St we have 


rtM ti 


Z)MF(W)(t) = ^VJ>(4),--.M4J) / [V(St > «)P ds, t E [0, M], 


i =1 




i,j = 1 


riuMt, 


X 


[P(S T > s)p ds. 


In particular, for F E having the form (13. ip . it holds that for all w E and 

A-almost all t E Sr 

n 

DF(wo£)(t) = E (t A 4) Vi/ M4),..., >»(« J), t e [0, m], 


i =1 




Z=1 


E v iIWA), ...,to(0) 




where t 0 := 0. 

Recall that z/ is the Levy measure of the subordinator (<St)te[ 0) T]- We will use the 
following integrability condition: 


(H f 


x p / 2 u(dx) < oo, 


where p > 0. In fact, since z/(l, oo) < oo, (H,,) is automatically satisfied for p < 0. 

Remark 3.3. It is well known that (1TQ is equivalent to ESp < oo for some (or all) 
t E [0, T], cf. [fUJ Theorem 25.3]. 

Let us introduce the following index of S at the origin: 


Mu) 

a G := sup < a > 0 : lim --= 0 

’ “ ulO U a 


Noting that 

< t>(u 


lim v = lim (f>'(u) = b + lim / xe ux u(dx) =b+ x v( da;) E (0, oo], 

'l!..[.{) U U{.() 7/.I0 ' ' 


'0 


'0 


it follows that 

0 < <7 0 < 1. 

The following useful proposition is the subordinator counterpart of a result on general 
Feller processes from mi. We defer its proof to the appendix (Section H]) . 
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Proposition 3.4. Let 0 be given by (11.11) . Then 


(3.4) <T 0 = sup < a > 0 : limsup 


0(w) 




< oo > = sup < 0 < p < 1 : 


x p v(dx) < oo 


Remark 3.5. a) Clearly, p/2 < <r 0 implies (H p ); conversely (H p ) entails that either 
p/2 <a 0 or p/2> 1. In particular, (H 2 ) implies cr 0 = 1. 

b) Since 

/* POO 

0'(O+) := lim (f>'(u) = b+ / xu(dx) + / xu(dx ), 


u\. 0 


'(o,i] 


(H 2 ) is equivalent to 0'(O+) < oo. 

c) (H 2 ) is strictly stronger than cr 0 = 1. An example of a Bernstein function satisfying 
cr 0 = 1 but not (H 2 ) is (cf. |T2j p. 316]) 


4>(u) = u log I 1 H—J , u > 0. 

This function is even a complete Bernstein function. To see our claim, note that 

0(w) 


<T 0 = 1 


lim ■ 

•u 4 .o u° 


and 


(H 2 ) fails 


0'(O+) = oo 


= 0 for all a G (0,1) 


lim——- = oo (L’Hospital’s rule). 


mJ.0 'll 

Lemma 3.6. Let T < oo and M = oo. If <Jo > 0 and 9 > l/oo, then 

/ OO 

[P(SV > t)] e dt < oo. 

Remark 3.7. Let T < oo and S be an a-stable subordinator (0 < a < 1). Obviously, 
(To = a. It is well known that 

P (S T > t) x t ~ a , t > 1. 

Therefore, 


J [P(S'r > t)] dt < oo J t aU dt < oo 

This means that Lemma 13.61 is sharp for a-stable subordinators. 
Proof of Lemma \3.6\ Let t > 1; using 


9 > - = —. 
a (To 


l[t,oo)(Sr) < 


2 St x 

and -= t 


St + t x + t 

together with Tonelli’s theorem, we find 

P(S T >t)= E [l[t,oo)(^T)] 

S T 


(1 


- ux ) e~ tu d u, x > 0, 


< 2E 

= 2tE 

= 2 1 I 


= 2 


'0 


'0 


St + 1 

- fOO 

(1 - e~ uST ) e~ tu du 
(1 - e ~ mu) ) e~ tu du 
(1 - e ~ T ^ u/t) ) e~ u du 


LT0 

'OO 
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< 2 T 


d u, 


where the last estimate follows from the elementary inequality 

1 — e~ x < x, x E R. 

Pick a E (1/cto, 6). By the first equality in (13 .4f) . there exists a constant c = c(a ) > 0 
such that 

4>(u) < cu 1 '*, 0 < u < 1. 

On the other hand, we have for all u > 1 that 

r-l 


4>(u) <bu+[ x n(dx) u + u{x > 1) 


< 


b + x n(dx) + u(x > 1) 


u =: C\U. 


Thus, we get for t > 1—note that 1/a E (0,1)- 

rt "u\ 1 / a 


P (S T >t)<2T fv c(j 


J 


du + 2 T 


u 


Ci-e- u du 

t 


<2 Tic 


a 


+ 1)+C 1 )t 


< 2 t I c r 
= : C 2 t~ 1/a . 

This, together with 9/a > 1, implies that 

/»oo 

/ [ p (s T > t )} 0 dt < a 


u 1/a e~ u du + C x I ue~ u du ) t~ l ' a 

1 


f-i/« 


t~ e / a dt<oo. 


□ 


From the point view of functional analysis, the gradient operator is only useful if it is 
closable in some Banach space. To show this, the following two conditions will be used: 

(Al) (H p ) holds for some p > 0; 

(A2) T < oo, M — oo, p E (0, 2], cr 0 > 0 and k < 1 — 1/ctq. 

Remark 3.8. a) Since ctq < 1, we know that k < 0 is necessary for 


b) Assume that T < oo and M = oo. Then PAID with p E (0, 2] is strictly stronger 
than (IA2[) . Indeed: First note that by Proposition 13.41 flAip with p E (0,2] implies 
(T 0 — p/2 > 0, and so (IA2|1 is fulfilled with k < 1 — 2/p; moreover, for an ct-stable 
subordinator ( a E (0,1)) (IA2D holds with a 0 = a > 0, k < 1 — 1/a and all p E (0,2], 


while PAR holds if and only if p < 2a < 2. 

Lemma 3.9. Let F E 

a ) If PAID holds, then DhF E L p (p s ) for any h E H m and DF E L P (Q —> Hm; p s )- 

b) If PA2D holds, then D h F E L p (p s ) for any h E Id]// 1 and D^F E L p (Ll -E- p s ). 
Proof. By P3.3j) and the elementary inequality 


<n (pl) vo^ a P ; a . > o, 


, i =1 


i=l 
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we obtain for any k 6R and w eW m and A-almost all i G §>t 

n / riti 

I D h F(w ol) |» < g IIV./II^ (f [P(S T > «)]-" df 

|D w .F(?uo£)||^ ( * l = sup \D h F(wo£)\ p 




p/2 


I . ftelb?, 




n / Fh \P/ 2 

< n(»-‘) v0 £ || V,/||L ( jf [P(St > t)P diJ 


a) Assume that <ED holds. Let k = 0. Then we have 


'St \«^0 


rtu 




p/2 


[P(Sr > *)P dt ) A(d£) = / P 2 A(d£) = EAf/ 2 < oo, 


-,p/2 




'St 


so that the first assertion follows. 

b) Assume that (|A2|) holds. We use the Jensen inequality and Lemma [3761 to get 


'St 0 


r e h \ p / 2 

\P(S T > t)P dt j A(d£) < 


'St V*'0 


f£ T \ p! 2 

\P(S t > t)}~ K dt A(d£) 




< 


fir 


' St 0 


[P(S T >t)p dt J A(d£) I 




p/2 


\ P/2 


[P(S T > t)] dtj 

/poo \ P/2 

< (l + J [F(S t >t)p K dtj 

< oo. 


□ 


For p > 1 we set 


i" + (p s ):= U n(p s ), 

p<r< oo 

As usual, we make the convention 1/0 := oo. 

Theorem 3.10. Assume that PAID holds with some p > 1 ( resp. PA2D holds with some 


p G [1,2]). Let p/(p — 1) < q < oo. For any h G H M (resp. h G Up), the directional 
derivative operator Dh : —> L p (p s ) is closable in L q (p s ). Denote by Dh its closure 

and let D £ 6e its adjoint. Then 

@(D h ) n L p+ (p s ) C @(D* h ) 
and for G G 3>(D h ) D L p+ (p s ), 


(3.5) 


r*Sr 


pG = -D h G + G / h'(t) d W t . 


Proof, a) Assume that PAID holds for some p > 1. 

al) Let {F n } nG iN C be a sequence such that F n —> 0 in L q (p s ) and DhF n —> Z in 

L p (p s ) as n —> oo. In order to prove the closabilit.y of Dh, we have to show that Z — 0. 
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Fix G G According to Lemma 13.91 D h G G L p (p s ). On the other hand, by 

Burkholder’s inequality, we have for all 6 G (0, oo) 



rS T 6 

“I r 

r 

Ft 9 ~ 

E 

/ h\t)dW t 

= / E 

/ ti(t)dW t 


Jo 

J S T 

Jo 


(3.6) 


< 

<C, 


c, 


S T 


\(d£) 


r l T X 0/2 

I \h'(t)\ 2 dt) x(de) 


e 


where Co is a positive constant depending on 6. Thus, 

rS t 

D* h G = - D h G + G 


ti{t ) dW t G L p (/i 5 ). 


The conjugate Holder exponent q' of q satishes 1 < q' < p } and this implies that D^G G 
L q (p 5 ). Therefore, we obtain 

E [GZ] = lim E [GD h F n ] = lim E [F n D* h G] = 0. 

n—>-oo n—¥ oo 

Since G G is arbitrary and is dense in L q (p s ), we get Z — 0. 

a2) We proceed as in [3 Proof of Theorem 5.2], Let G G S>(Dh) D L r (/i s ) for some 
r G (p, oo]. Since D h : —> L p (/i s ) is closable in L q (p s ), there exists a sequence 

{Gn} ne M C such that G n —$■ G in L q (p s ) and D h G n —> D h G in L p (/i s ) as n — * oo. 

With (13.611 it is easy to see that 


rSr 


G^Gn — —D h G n + G 


h'(t ) dW t 


f*S t 


a -D h G + G 


ti(t) dW t 


in L 1 (p‘ s ). Therefore, for any F G &C £°, by D h F G L p (p s ) C L q '(p s ), one has 
E [GD h F] = lim E [G n D h F\ 

n—>oo 

= lim E [FD* h G n ] 

n—too 

( rSr 

= E F l-D h G + G J h'(t)dW t 

Since G G L r (p s ) and (13.611 . together with Holder’s inequality, imply that 


f*S t 


G 


ti{t) dW t eL p (p s ), 


we get G G 3>(D* h )] in particular, (13.511 follows. 

b) If (1A2H holds for some p G [1,2], one can prove the claim as in the first case; we only 
need to replace (13.611 by 

81 


E 


pSt 


h'{t ) dW t 


< 


Co 


IS T 


Ft x 0/2 

|/L(t)| 2 dt) A(d£) 


<C e 


= Co 


|V(0| 2 [P(5T>t)]"dt 


X 0/2 




H 


(«) i 


where we used, in the second inequality, n < 0. 


□ 
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Theorem 3.11. Assume that (lAlj) holds for some p > 1 ( resp. (1A2|) holds for some 
p6 [1,2]). Let p/(p — 1) < q < oo. The gradient operator D : ^ L p (fl ^ 

(resp. —> L p (fl —> H^;^ 5 )) is closable in L q (p s ). Denote its closure again 

by D (resp. D^). For any h G M m , S>(D) C S>(D h ); if F G 3>(D) then D h F = 
(DF,h)] h m in L p (p s ) (resp. for any h G H^ ; S>(D^) C 3>(D h )); if F G $)(D^) then 
D h F = (D^F, h) ( K ) mL p (p s )). ' 

Proof. We only prove the statement for the case that (lAlj) holds for some p > 1, since 
the proof for the other case is essentially similar. 

a) Let C be a sequence such that F n —> 0 in L q (p s ) and DF n —$■ Y 

in L p (Fl — y H m\ p S ) as n —)■ oo. We will prove that Y — 0. Fix an orthonormal basis 
°f H M and define 


^(Hm) Gihi : m 6 I, Gj G .'FCff 


1=1 


It is easy to see that Yt C L q (Q —* H M ; /i 5 ) is a dense subset. Pick G = YliLiGiK G 
By the orthogonal expansion of DF n in the orthonormal basis and the 

closability of D hi : —> L p (jj s ) in L q (/a s ), cf. Theorem 13.101 we get 

E <GT)„„= limE(G.DF„) H „ 


= lim E 

n—> oo 


m oo 

j hj)^ M GiD h .F n 

,i =1 j =1 


lim VE [GiD hi F n 

n .—yoo L 


i=l 


m 


2=1 


lim E [GiD h .F n \ = 0. 


Since G G Y> is arbitrary and is dense in L q (D —» Hm; Z^ 5 ), this implies that F = 0. 
Thus, Id is closable. 

b) We will adopt the idea used in [7] Proof of Proposition 5.3]. Let h G Hm and 
F G S>(D). Then there exists a sequence {F n } ne iN C JPCf 0 such that F n —> F in L q (p s ) 
and DF n —> DF in L p (Fl —> Hm; p s ) as n —> oo. Since 

\D h F n - D h F m \ p = \(D(F n - F m ),h) MM \ p < \\D(F n - F, 


v 

m >\ ih m 


V 

Hm 


holds for all m,n G IN, we conclude that { DhF n } ne ^ is a Cauchy sequence in L p (p s ). By 
the closedness of Dh, we have F G S>(Dh) and DhF n —> DhF in L p (p s ) as n —> oo. To 
finish the proof, it remains to note that 

II D h F - (DF, < || D h F - D h F n \\ LP ^s) + ||(FF n , h) - (DF, h)^ M \\ LP ^s) 

< ||AiF — D h F n \\ LP ^s ) + \\DF n — FF|| L p(Q^. HM .^s)||h||e M 
- > 0. □ 


If (IA1D holds for p = 2, then by Lemma [3. 91 a). we can define a symmetric quadratic 


form on in the following way: 


i(F, G) := / (DF, DG) Mm dp s < oo, F,Gg 


OO 

b * 
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If F G is of the form (13.lj) . then 


S(F, F) = E 


E ( s >. - S >G 


i =1 


E V A [w Stl ,...,w s ,J 


j=i 


where to := 0. 

Similarly, if (IA2I) holds for p = 2, then with Lemma 13. 91 b) we can define a symmetric 
quadratic form on 


<f ( K \F,G) := / (D {k) F,D^G) wM d/i s < oo, F,G G &C y 
Jn M 

Moreover, for F G &C given by (13.11) . one has 


OO 

b * 


g(*\F,F) = E 


E < v </ ( W Sh .'''. H'sJ . V,/ (ir Sll ..... W Sl J> 


R d 


*3=1 


"StiAtj 


X 


[P(S T > S)]“ K ds 


As an immediate consequence of Theorem 13. Ill with p = q = 2, we obtain the following 
result concerning the Dirichlct form on L 2 (p s ) (see |4] [9j for more details on the theory 
of Dirichlet forms). 


“) (resp. 


Proposition 3.12. If (IA1D ( resp. (1A2I) ) holds for p = 2, then the form (S', 

(S^f JFCf°)) is closable in L 2 (p s ), and the closure (S,S>(S)) (resp. (S^f ^(S^))) is 
a conservative symmetric Dirichlet form on L 2 (p s ). 

We close this section by pointing out that it might be interesting (and also challenging) 
to consider various functional inequalities (cf. [[14]) for the Dirichlet forms derived in 
Proposition 13.121 


4. Appendix 

In this section, we establish Proposition 13.41 

Proof of Proposition \3.f\ a) Denote by a' 0 and a'f the second and the third term in (13.41) , 
respectively. Clearly, a' 0 > ao- For any a < a' 0l pick a' G ( a,a ' 0 ). According to the 
definition of a' 0 , one has 

r </>( u ) 
hmsup-— < oo, 


and so 


f(u) <f)(u) 


-u 


—y 0 as u J, 0. 


This means that a < a 0 . Letting a f a' 0 , we get a' 0 < <j 0 . Therefore, a' 0 = a 0 . 

b) We prove that a 0 < cr' 0 '. Without loss of generality, we may assume that 0 < a 0 < 1. 
Fix any a G (0, a o) C (0, 1) and pick a 1 G ( a , <7o). By the definition of cr 0 , 

l , m ^)=0 

*40 u a 

and so there exists a constant c = c(a') > 0 such that 
(4.1) f(u) < cu a ', 


0 < u < 1. 
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Recall the identity 


x a = 


a 


(1 


u~ a ~ l d u, x > 0. 


r(l - a ) J 0 

Combining this with Tonelli’s theorem, the following inequality 
J (l — e -a: “) u(dx) < u(l, oo) A (^J (l — e~ xuS j z/(dx)^ < u(l, oo) A (j>{u), u > 0 
and (ED , we obtain that 

/•OO 

/ x a v(dx) = 


a 


OO / /•OO 


< 


r(i ot) J 0 \J l 

/•no 

a 


< 


< 


r(l - a) Jo 
a f 1 

r(l - a) Jo 

ac Z" 1 

T(1 - a) Jo 


(1 - e~ xu ) u(dx)j it-"- 1 d u 

[i/(l, c>o) A (f){u)\u~ a ~ l d u 
av( 1, oo) 


4>(u)u a du + 


u~ a ~ l du 


u 


ex! — ol —1 


du + 


T(1 - a) J 1 

au(l, oo) 


u a 1 du < oo. 


T(1 - a) J v 

This implies that a < cr". Since a < ao is arbitrary, we conclude that a 0 < a'o. 

c) It remains to show that a'J < cr 0 ■ As in part b), we can assume that Uq G (0,1]. Fix 
any p G (0, cr") and pick p' G (p, Ug) C (0,1). Then 


x p v(dx) < oo. 


Assume that w G (0,1). Since 


xu, if 0 < x < 1, 

1 — e~ xu < { xu < {xu) p ', if 1 < x < u~ x , => 1 
1 < (xu) p ', if x > u^ 1 


e xu < 


xu, if 0 < x < 1, 
(xu) p ', if x > 1, 


it follows that 


4>(u ) <bu+ xu v{dx) + / ( xu) p v{dx) 

J( o,i] ./1 


< 


u p> =: C(p')u p ’. 


b+ xv{dx)+ / x p v(dx) 

./( 0 , 1 ] J 1 

From this we get 

lim sup ——^ < lim sup C(p )u p '^ p = 0. 

«4.o «io 

Consequently, we obtain p < a 0 and then Ug < (T 0 by letting p t u". 


□ 


References 

[1] R.H. Cameron, W.T. Martin: Transformations of Wiener integrals under translations. Ann. Math. 
45 (1944) 386-396. 

[2] C.-S. Deng, R.L. Schilling: On shift Harnack inequalities for subordinate semigroups and moment 
estimates for Levy processes. Preprint , arXiv: 1412.6700. 

[3] B.K. Driver: A Cameron-Martin type quasi-invariance theorem for Brownian motion on a compact 
Riemannian manifold. J. Fund. Anal. 110 (1992) 272-376. 

[4] M. Fukushima, Y. Oshirna, M. Takeda: Dirichlet Forms and Symmetric Markov Processes (2nd ed). 
Dc Gruyter, Studies in Mathematics 19, Berlin 2011. 












16 


C.-S. DENG AND R.L. SCHILLING 


[5] I. Gentil, P. Maheux: Super-Poincare and Nash-type inequalities for subordinated semigroups. To 
appear in Semigroup Forum , DOI: 10.1007/s00233-014-9648-2. 

[6] M. Gordina, M. Rockner, F.-Y. Wang: Dimension-independent Harnack inequalities for subordi¬ 
nated semigroups. Potential Anal. 34 (2011) 293-307. 

[7] E.P. Hsu: Quasi-invariance of the Wiener measure on the path space over a compact Riemannian 
manifold. J. Fund. Anal. 134 (1995) 417-450. 

[8] E.P. Hsu: Stochastic Analysis on Manifolds. Am. Math. Soc., Graduate Studies in Mathematics 38, 
Providence (RI) 2001. 

[9] M. Rockner, Z.-M. Ma: Introduction to the Theory of (Non-Symmetric) Dirichlet Forms. Springer, 
Universitext, New York 1992. 

[10] K. Sato: Levy Processes and Infinitely Divisible Distributions (2nd ed). Cambridge University Press, 
Cambridge 2013. 

[11] R.L. Schilling: Growth and Holder conditions for the sample paths of Feller processes. Probab. 
Theory Rel. Fields 112 (1998) 565-611. 

[12] R.L. Schilling, R. Song, Z. Vondracek: Bernstein Functions. Theory and Applications (2nd ed). De 
Gruyter, Studies in Mathematics 37, Berlin 2012. 

[13] R.L. Schilling, J. Wang: Functional inequalities and subordination: stability of Nash and Poincare 
inequalities. Math. Z. 272 (2012) 921 936. 

[14] F.-Y. Wang: Functional Inequalities, Markov Semigroups and Spectral Theory. Science Press, Bei¬ 
jing, New York 2005. 

[15] F.-Y. Wang: Coupling for Ornstein-Uhlenbeck processes with jumps. Bernoulli 17 (2011) 1136- 
1158. 

[16] F.-Y. Wang: Integration by parts formula and shift Harnack inequality for stochastic equations. 
Ann. Probab. 42 (2014) 994-1019. 

[17] F.-Y. Wang, C. Yuan: Poincare inequality on the path space of Poisson point processes. J. Theor. 
Probab. 23 (2010) 824-833. 

(C.-S. Deng) School of Mathematics and Statistics, Wuhan University, Wuhan 430072, 

China 

Current address: TU Dresden, Fachrichtung Mathematik, Institut fur Mathematische Stochastik, 

01062 Dresden, Germany 

E-mail address: dengcs@whu.edu.cn 

(R. L. Schilling) TU Dresden, Fachrichtung Mathematik, Institut fur Mathematische 

Stochastik, 01062 Dresden, Germany 

E-mail address: rene.schilling@tu-dresden.de 


